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Abstract. We study the conditions for the phase transitions of information diffusion in complex networks.
Using the random clustered network model, a generalisation of the Chung-Lu random network model
incorporating clustering, we examine the effect of clustering under the Susceptible-Infected-Recovered
(SIR) epidemic diffusion model with heterogeneous contact rates. For this purpose, we exploit the branching
process to analyse information diffusion in random unclustered networks with arbitrary contact rates, and
provide novel iterative algorithms for estimating the conditions and sizes of global cascades, respectively.
Showing that a random clustered network can be mapped into a factor graph, which is a locally tree-like
structure, we successfully extend our analysis to random clustered networks with heterogeneous contact
rates. We then identify the conditions for phase transitions of information diffusion using our method.
Interestingly, for various contact rates, we prove that random clustered networks with higher clustering
coefficients have strictly lower phase transition points for any given degree sequence. Finally, we confirm
our analytical results with numerical simulations of both synthetically-generated and real-world networks.

1 Introduction

Information diffusion plays an essential role in numerous
human interactions, including the diffusion of innovations,
ideas, rumours, and epidemics. The phase transitions of
information diffusion have been observed in many com-
plex systems, such as social, economic, and biological sys-
tems [1–3]. That is, there exists a phase transition point
at which the fraction of the population who adopt the
information becomes positive – this is called a global cas-
cade. Identifying the conditions in which a global cascade
occurs and analysing the behaviours of information diffu-
sion are crucial problems because they are closely related
to the eruption of epidemics in epidemiology, the initiation
of trends in marketing, and so on.

The spread of information can be modeled using epi-
demic models [3–8]. Our paper deals with the Susceptible-
Infected-Recovered (SIR) model, which has been a popu-
lar model in the standard literature [9–11]. In the SIR
model, individuals are classified as susceptible, infected,
or recovered. Initially, some nodes are infected, and all
others are susceptible. Susceptibles can become infectious
through meeting infecteds with given probability – called
the contact rate, while infecteds will recover after some
time and never be infectious again. To analyse the final
outcome of information spreading, it is known that contin-
uous recovery times for infecteds can be mapped without
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loss of generality to a single time step of the corresponding
stochastic SIR model [12–16], while the basic SIR model
has been studied as a continuous time process.

Although modeling information diffusion has been
heavily studied, most previous work has considered overly
simplified structures in two aspects; network topology and
information diffusion pattern. One of the key features of
modeling network topology is the effect of triadic clo-
sure (friends of friends are more likely to become friends),
which occurs in many real-world networks [4,17] and is
usually related to the clustering coefficient. Despite its im-
portance, most previous studies on information diffusion
have focused on limited types of networks including com-
plete graphs [12,18] and locally tree-like networks, such
as Erdős-Rényi random networks [19] and configuration
models [20,21]. Also, the other key feature of modeling
information diffusion patterns is considering the heteroge-
neous contact rates, i.e., contacts between individuals are
not identical. Recent studies demonstrate that the impact
of human activity patterns on information diffusion show
significant heterogeneity [22,23]. However, many studies of
spreading in complex networks have covered only constant
contact rate [8,15].

Recently, Newman [24] and Miller [25] simultaneously
proposed a model of random networks with clustering that
displays a clustered structure by considering a given de-
gree sequence and the number of triangles. Their model
randomly generates a network based on t = (t1, . . . , tn)
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and s = (s1, . . . , sn), which consist of the number of tri-
angles and that of single edges at each node respectively.
Note that this is a generalisation of the configuration
model that generates a random network for a given ex-
act degree sequence by incorporating clustering, while an
alternative model called the Chung-Lu model [26,27] gen-
erates a random network with a given expected degree se-
quences. In this paper, we introduce a generalisation of the
Chung-Lu model using the expected numbers of triangles
and single edges at each node by incorporating clustering,
as in the work of Newman and Miller. Here, we call this
model the random clustered network for clarity. We also
call the Chung-Lu model the random unclustered network,
which is unlikely to have clustered structure. However, the
previous studies on random graphs with clustering [24,25]
do not cover the heterogeneous contact rates, a key feature
of modeling information diffusion.

In this paper, we extensively analyse information dif-
fusion in random clustered networks having arbitrary con-
tact rates under the SIR model, and then identify the
conditions for the phase transition of global cascades in
random clustered networks. As a result, we also give con-
ditions for phase transitions under random clustered net-
works and show that clustered networks promote the oc-
currence of a global cascade for various contact rates,
which means that a clustered structure is an advantageous
structure for information diffusion.

In more detail, we first use the branching process to
analyse information diffusion in random unclustered net-
works with arbitrary contact rates, and provide novel
iterative algorithms for estimating the occurrence prob-
abilities and the expected sizes of global cascades respec-
tively. The correctness of the algorithms is analytically
proved. We extend our analysis to random clustered net-
works using a branching process at a macroscopic level by
constructing a locally-tree like factor graph of a given net-
work. To do so, we consider a factor graph with two types
of nodes: a node and a factor node consisting of three
nodes of each triangle from the original network. Further-
more, we performed numerical experiments on both syn-
thetic and real-world networks to confirm the validity and
accuracy of our results.

In order to further illustrate the importance of consid-
ering the heterogeneous contact rates, we introduce several
classes of heterogeneous contact rate that can be used in
modeling various contact patterns. For the contact rates of
our overall studies, we assume that each infectious node i
has a single chance to infect each of its susceptible neigh-
bours j with probability f(i, j) independently. The stan-
dard contact rates we used include, but are not limited to,
the following:

(i) heterogeneous susceptibility, c/wi,
(ii) heterogeneous infectivity, c/wj,
(iii) heterogeneous infectivity and susceptibility simulta-

neously, (c/2)/wi + (c/2)/wj ,

where c is the infect/receive ability and wi, wj are the de-
grees of a sender and a receiver, respectively. These sce-
narios are reasonable, because each user can only pay at-
tention to a limited number of messages from their friends

through Online Social Networks (OSNs), such as Twitter
and Facebook [28,29].

The rest of this paper is organised as follows. In Sec-
tion 2, we analyse information diffusion in random unclus-
tered networks with arbitrary contact rates. In Section 3,
we demonstrate our analysis can be applied to a random
graph model of a clustered network, by using the macro-
scopic level branching process. In Section 4, our approach
facilitates the analysis of the phase transition of a global
cascade for various contact rates. The reliability of our al-
gorithm is confirmed by conducting numerous simulations
in Section 5. Finally, Section 6 concludes this paper.

2 Random unclustered networks

In this section, we analyse information diffusion in random
networks having heterogeneous contact rates without con-
sidering any clustering, using the Chung-Lu model, which
is a special case of the random clustered network model.
By utilising the analytical tools we develop in this sec-
tion, information diffusion analysis on random clustered
networks will be given in the next section.

The random unclustered network G(w) with a given
expected degree sequence w = (w1, . . . , wn) is defined as
a probability space over the set of networks on the node
set V = {1, . . . , n}, where the edge set E is generated by:

Pr[{i, j} ∈ E] :=
wiwj∑

k wk
. (1)

Intuitively, the edge set can be approximated by wiwj∑
k wk

if the wi’s are not so large. This assumption is quite rea-
sonable in many complex networks (e.g., Facebook has a
maximum of 5000 friends limit [30], even if it has 1.55 bil-
lion monthly active users as of Sep. 20151.). For instance,
we assume that almost all nodes are of degree o(n1/τ ) for
some 2 < τ < 3, e.g., a power-law exponent of the un-
derlying degree distribution [31]. Therefore, the expected
degree of i is wi, since E[di] ≈

∑
j

wiwj∑
k wk

= wi, where di

is the actual degree of i in a network generated by G(w).
The properties of G(w) have been well studied by

Chung and Lu [26,27]. For example, if wi’s are identical to
a constant, G(w) is equivalent to the Erdős-Rényi random
network [19].

2.1 The occurrence of a global cascade

We now intend to compute the probability of the occur-
rence of a global cascade asymptotically on G(w). For
each node i ∈ V , let Pi be the probability that an ini-
tially infectious node i induces a global cascade, and let P
be the probability that a randomly chosen initial infected
induces a global cascade, hence P = 1

n

∑n
i=1 Pi. For any

i ∈ V , we can compute Pi by using the branching process.
For each node i, the probability that an initial infected i

1 http://newsroom.fb.com/company-info/

http://www.epj.org
http://newsroom.fb.com/company-info/


Eur. Phys. J. B (2016) 89: 188 Page 3 of 15

does not induce a global cascade (=1 − Pi) can be repre-
sented by the product of the probabilities that every other
node j is either not adjacent to i or is adjacent to i but
does not induce a global cascade. It is possible because
the cascades induced by child nodes of i are independent,
since a random unclustered network has a locally tree-like
structure. Thus, we find that

1 − Pi =
∏

j:j �=i

(1 − k(i, j)Pj) , (2)

where k(i, j) = wiwj

V ol(G)f(i, j) and V ol(G) =
∑n

k=1 wk.
Note that the probability that an infectious node i infects
a susceptible node j in G(w) is equal to k(i, j), because
the probability that j is adjacent to i is wiwj

V ol(G) and the
probability that i infects its neighbour j is f(i, j).

By taking the logarithm of both sides of (2) and ap-
plying the first-order Taylor series approximation for the
right-hand side, we obtain that for each i = 1, . . . , n,

log(1 − Pi) = −
∑
j:j �=i

k(i, j)Pj + ε̃i

⇒ Pi = 1 − exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭+ εi, (3)

where ε̃i and εi are negligible errors caused by the Taylor
series approximation (see Appendix A).

From equation (3), we can also derive a formula to
compute the probability that a randomly chosen initial
infected induces a global cascade on the network asymp-
totically, where ε̄ = 1

n

∑
i εi:

P = 1 − 1
n

∑
i

exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭+ ε̄. (4)

It can be shown that the solution of Pi by equation (2) and
the solution of P̂i by equation (3), ignoring the error terms,
are the same asymptotically (i.e., the difference between
them tends to 0 as n → ∞). Using this result, we can
design an algorithm for finding P̂i as the estimate of Pi.
Let g(0) and g(1) be functions from [0, 1]n to [0, 1]n for all
x = (x1, . . . , xn) ∈ [0, 1]n,

g(0)(x) =

⎛
⎝1 −

∏
j:j �=i

{1 − k(i, j)xj}
⎞
⎠

i=1,...,n

and

g(1)(x) =

⎛
⎝1 − exp

⎧⎨
⎩−

∑
j

k(i, j)xj

⎫⎬
⎭
⎞
⎠

i=1,...,n

. (5)

P = (P1, . . . , Pn) and P̂ = (P̂1, . . . , P̂n) then satisfy that
P = g(0)(P) and P̂ = g(1)(P̂) by equation (2) and equa-
tion (3). It means that P and P̂ are fixed points of g(0)

and g(1) respectively.

In a discrete dynamical system, we can analyse the
behaviour of the system by considering the stability of a
fixed point. A fixed point x of a system g is called un-
stable if whose nearby solutions diverge away from the
fixed point, which means that the system g does not con-
verge to x if an initial input is not x. Likewise, a fixed
point x of the system g is stable when an initial input
close to x implies that the system converges to x. For
a continuously differentiable map g, it is known that a
fixed point x is stable if ρ = ρ(∇g(x)) < 1, where ρ is
the largest (in magnitude) eigenvalue of the Jacobian of g

at x, ∇g(x) = ( ∂gi

∂xj
)i,j=1,...,n, with the i-th component gi

of the vector-valued function g [32].

It can be easily checked that 0 is a fixed point of both
g(0) and g(1). Consider the case in which 0 is a stable fixed
point of a discrete dynamical system g. If we assume that a
(few) initial nodes are infected at the beginning, then since
0 is a stable fixed point of g, a global cascade does not take
place. We then consider the case where 0 is unstable, so
that there is a non-zero fixed point x of g. Using a similar
argument, we identify the conditions for phase transitions
in Section 4.

Algorithm 1 Computing the estimates of Pis.

Require: P̂(0) = (P̂1
(0)

, . . . , P̂n
(0)

) ∈ [0, 1]n, εtol > 0

Ensure: P̂ = (P̂1, . . . , P̂n) and P̂

1: repeat
2: P̂(t+1) ← g(1)(P̂(t))
3: t← t + 1
4: until ‖g(1)(P̂(t))− P̂(t)‖1 < εtol

5: P̂← g(1)(P̂(t))

6: P̂ ← 1
n

∑
i P̂i

We now propose a novel iterative algorithm that com-
putes the estimates of the Pis by finding a non-zero fixed
point of g(1). As described above, this algorithm guaran-
tees that the errors of the estimates are negligible. The
pseudocode of the algorithm is given in Algorithm 1. In
this algorithm, the pre-specified tolerance εtol determines
the stopping criteria. By using the triangle inequality, we
prove that 1

n‖P̂ − P‖1 = 1
n

∑
i |P̂i − Pi| is o(1) (details

are in Appendix B), and it means our proposed algorithm
provides estimates of Pi and P that are asymptotically
equivalent to the actual values.

Moreover, one can extend our iterative algorithm to
various situations. For instance, let xi be the probability
that a node i is chosen to be an initial infected for all
i = 1, . . . , n independently so that

∑
i xi = 1. One then

obtains P by solving P =
∑n

i=1 xiPi with the same error
bound o(1) even if an initial infected is not chosen uni-
formly at random, because P is the weighted average of
Pis with the same error bound o(1).

http://www.epj.org
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2.2 The expected size of a global cascade

We turn to the calculation of the expected size of a global
cascade once it is triggered. Let Sj be the probability that
a node j is contained in a global cascade and S be the
probability that a randomly chosen node is contained in a
global cascade. Therefore, S = 1

n

∑n
j=1 Sj is the expected

size of a global cascade once it is triggered. For any j ∈ V ,
we compute Sj by using the backward branching process
approach. Any initially non-infectious node j is contained
in a global cascade if there is another infectious node i that
belongs to a global cascade and j is infected from i. The
probability that a susceptible node j is not contained in a
global cascade (=1−Sj) can be represented by the product
of the probabilities that every other node i is either not
adjacent to j or is adjacent to j but is not contained in a
global cascade. Therefore,

1 − Sj =
∏

i:i�=j

(
1 − k(i, j)Si

)
, (6)

where k(i, j) = wiwj

V ol(G)f(i, j), which is the probability that
an infectious node i infects a susceptible node j in a ran-
dom unclustered network, as in Section 2.1.

We take the logarithm of both sides, and apply the
first-order Taylor series approximation for the right-hand
side, then for each j = 1, . . . , n,

log(1 − Sj) = −
∑
i;i�=j

k(i, j)Si + ε̃′j

⇒ Sj = 1 − exp

{
−
∑

i

k(i, j)Si

}
+ ε′j , (7)

and thus,

S = 1 − 1
n

∑
j

exp

{
−
∑

i

k(i, j)Si

}
+ ε̄′, (8)

where the errors are caused by the Taylor series approxi-
mation, as in Section 2.1. By the same argument, the error
term of (8) is negligible in many diffusion processes for suf-
ficiently large n. Let g(2) : [0, 1]n → [0, 1]n be a function
that satisfies

g(2)(S) =

(
1 − exp

{
−
∑

i

k(i, j)Si

})
j=1,...,n

.

We then have a formula to compute the estimates of Sj

and S numerically using equations (7) and (8). The itera-
tive algorithm is given in the Algorithm 2.

Note that the result of this section is an extension of
the model to allow for heterogeneous contact rates. In
the case of Erdős-Rényi random networks G(n, p) with
f(i, j) ≡ 1, the probability and the size of the giant com-
ponent S are the solutions of S = 1 − e−npS by equa-
tions (4) and (8). This is identical to the well-known re-
sult in references [19,33], and it is equivalent to the bond
percolation problem if f(i, j) ≡ 1 [34–36]. We note that

Algorithm 2 Computing the estimates of Sjs.

Require: Ŝ(0) = (Ŝ1
(0)

, . . . , Ŝn
(0)

) ∈ [0, 1]n, εtol > 0

Ensure: Ŝ = (Ŝ1, . . . , Ŝn) and Ŝ

1: repeat
2: S(t+1) ← g(2)(Ŝ(t))
3: t← t + 1
4: until ‖g(2)(Ŝ(t))− Ŝ(t)‖1 < εtol

5: Ŝ← g(2)(Ŝ(t))

6: Ŝ ← 1
n

∑
j Ŝj

if f(i, j) ≡ T for a constant T and a given network is
fully connected, information diffusion in the network can
be mapped exactly onto a bond percolation with the edge
occupation probability T [13,15,25]. It is also worth not-
ing that the algorithms for estimating P and S are from
the same approach even with heterogeneity, in agreement
with previous work [12,13,37].

3 Random clustered networks

In this section, we describe the details of the random clus-
tered network [24], and extend our algorithms for comput-
ing the estimates of global cascade on random unclustered
networks to the case of random clustered networks. It is
a remarkable fact that our algorithm captures the hetero-
geneity of contact rates on random clustered networks.

Suppose that we have two sequences; a single-edge
sequence s = (s1, . . . , sn) and a triangle-edge sequence
t = (t1, . . . , tn), where si is the number of edges of a
node i that are not included in any triangle and ti is the
number of triangles that contain a node i. The random
clustered network G(s, t) with two given sequences s and
t is a probability space over the set of networks on the
node set V = {1, . . . , n}. The procedure for generating
a random clustered network is as follows: let us consider
a random unclustered network Gs with a given expected
degree sequence s. Let us also consider a random network
G(i,j,k) for each 1 ≤ i < j < k ≤ n so that it has only
three edges {i, j}, {i, k}, and {j, k} that form a triangle
with probability titjtk∑

x<y txty
, and that has no edges other-

wise. We get a random clustered network by taking the
union of two networks generated by Gs and G(i,j,k) for all
1 ≤ i < j < k ≤ n. An example of the procedure for n = 4
is shown in Figure 1. The generating procedure does not
make the same edge twice with high probability, which
means that each operation that decides whether there is a
triangle for each three nodes i, j, k or not does not affect
almost all of the others (details are in Appendix C).

3.1 The extensibility of random clustered networks

Note that the random clustered network is a generalised
version of the random unclustered network, since G(s) =
G(s,0). Indeed, the expected degree of each node i in
G(s, t) is E[di] ≈

∑
j

sisj∑
x sx

+ 2
∑

j<k
titjtk∑
x<y txty

= si + 2ti.

http://www.epj.org
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Fig. 1. An example of an overall procedure for generating
random clustered network with n = 4.

If there is no edge that is contained in more than one tri-
angle, then the expected degree is equal to si+2ti for each
i = 1, . . . , n.

In a general random clustered network, a branch-
ing process is not applicable. The following factor graph
that we suggest allows us to apply the branching pro-
cess for random clustered networks. For a given network
G = (V, E), we consider a factor graph H = (V, F, Ẽ) that
corresponds to G as follows: we first define

F̃ = {{i, j, k}|i, j, k form a triangle} ∪ {{i, j}|{i, j}
∈ E and it is a single-edge}.

We then define a set F = {vc|c ∈ F̃}, where each element
in F is called a factor node. The set of edges of H is defined
by Ẽ = {{i, vc}|i ∈ c, i ∈ V, vc ∈ F}. Figure 2 shows an
example of a network and its corresponding factor graph:
there are 4 single-edges and 3 triangle-edges in G, so that
the corresponding factor graph has 7 (=4+3) factor nodes
and 17 (= 4 · 2 + 3 · 3) edges in H. If there are only a
small number of triangles, then H has a locally tree-like
structure. Thus, we can use a branching process method
at the macroscopic level of the structure of the network,
as in the random unclustered network.

3.2 The estimates of global cascades on random
clustered networks

We now aim at the calculation of the occurrence probabil-
ities and the expected sizes of global cascades on random
clustered networks. We define Pi and P , as in Section 2. To
compute Pi, we consider both single-edges and triangle-
edges that are incident with i on the random clustered
network. For each node i = 1, . . . , n, the probability that
i does not induce a global cascade (= 1−Pi) can be repre-
sented by the product of the probabilities P

(1)
i and P

(2)
i ,

Fig. 2. A network G = (V, E) and its corresponding factor
graphH = (V, F, Ẽ).• represents a node, � represents a factor
node, and there are edges of H joining them corresponding to
the structure of G.

which are the probabilities that there is no global cas-
cade that is triggered by a node infected by an initially
infectious node i through a single-edge and a triangle-edge
respectively. Note that the events that i infects through
single-edges and triangle-edges are independent, since we
assume that G(s, t) does not create the same edge more
than once.

As in Section 2, P (1)
i =

∏
1≤j≤n,j �=i(1− sisj∑

x sx
f(i, j)Pj).

For the P
(2)
i , Figure 3 illustrates all cases that an infec-

tious node i and a triangle with nodes i, j, and k do not
induce a global cascade. For each 1 ≤ i < j < k ≤
n, the probability that i, j, k do not form a triangle is
1 − titjtk∑

x<y txty
. The probability that j and k do not in-

duce a global cascade is the sum of the probabilities of
(Case I)-(Case IV); (Case I) i infects j and k, but they do
not induce a global cascade, (Case II)-(Case III) i infects
only one out of j and k, but there is no global cascade
induced by either j or k, and (Case IV) i does not infect
either j or k. Therefore, the probability that i does not
induces a global cascade is

1 − Pi =
∏

1≤j≤n,j �=i

(
1 − sisj∑

x sx
f(i, j)Pj

)
∏

1≤j<k≤n,j,k �=i

(
1 − titjtk∑

x<y txty

+
titjtk∑
x<y txty

(
f(i, j)(1 − Pj)f(i, k)(1 − Pk)

+ f(i, j)(1 − Pj)(1 − f(i, k))(1 − f(j, k)Pk)
+ (1 − f(i, j))(1 − f(k, j)Pj)f(i, k)(1 − Pk)

+ (1 − f(i, j))(1 − f(i, k))
))

. (9)

We can derive the following equation by taking the log-
arithm of both sides and applying the first-order Taylor

http://www.epj.org
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Fig. 3. All possible cases when an infection does not induce
a global cascade in a triangle. The solid and dashed lines cor-
respond to the occurrence and non-occurrence of information
diffusion. Each � indicates that the corresponding node does
not induce a global cascade.

series approximation for the right-hand side.

log(1 − Pi) =
∑

j

(
− sisj∑

x sx
f(i, j)Pj

)

+
∑
j<k

(
− titjtk∑

x<y txty

+
titjtk∑
x<y txty

(
f(i, j)(1 − Pj)f(i, k)(1 − Pk)

+ f(i, j)(1 − Pj)(1 − f(i, k))(1 − f(j, k)Pk)
+ (1 − f(i, j))(1 − f(k, j)Pj)f(i, k)(1 − Pk)

+ (1 − f(i, j))(1 − f(i, k))
))

+ ε̃i, (10)

where ε̃i is the error caused by the Taylor series approx-
imation. For a function F (j, k) of j and k, and for suffi-
ciently large n,

∑
j<k(F (j, k) + F (k, j)) ≈∑j

∑
k F (j, k)

holds. Then, from equation (10), we obtain that

log(1 − Pi) ≈ −
∑

j

k(i, j)Pj + ε̃i, (11)

where

k(i, j) =
sisj∑

x sx
f(i, j) +

titj∑
x<y txty

(
f(i, j)

∑
k

tk

− 1
2
f(i, j)

∑
k

tkf(i, k)Pk + (1 − f(i, j))

×
∑

k

tkf(i, k)(1 − Pk)f(k, j)
)

. (12)

The error analysis of equation (11) is straightforward from
Section 2. Moreover, computing the sizes of a global cas-
cade can be expressed with the same k(i, j) using the

backward branching process method. To compute the es-
timates of Pi and Sj , we use iterative algorithms by solv-
ing the fixed point problem ignoring the error term, as in
Section 2. Hence, we can solve Pi and Sj by solving the
following equations iteratively.

Pi ≈ 1 − exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭ , (13)

Sj ≈ 1 − exp

{
−
∑

i

k(i, j)Si

}
. (14)

Then, P and S satisfy that

P ≈ 1 − 1
n

∑
i

exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭ , (15)

S ≈ 1 − 1
n

∑
j

exp

{
−
∑

i

k(i, j)Si

}
. (16)

Note that if one ignores all the triangle-edges and sets
s = w, then this is identical to the results in the un-
clustered random network case. In addition, our argument
can be applied to any specific substructure of a network
of finite size, including cliques of size larger than 3, cy-
cles, and motifs, rather than triangles, which are used in
the above argument. This framework can explain speci-
fied small-scale structures of a network. More specifically,
when there is a modular structure of a network that is
locally tree-like, one can determine the values of k(i, j)
and analyse the occurrence of a global cascade using our
formula.

3.3 When the network topology is given

Until now, we have provided a formula for estimating the
occurrence probabilities and the expected sizes of global
cascades on random networks. For analysing real-world
networks, whose network topology is given and not ran-
dom, having a formula for estimating the probability and
the size of a global cascade would be useful.

Suppose that the actual network topology is given, and
that the outbreak of the propagation begins with a single
infectious node. When information spreads through the
given network, the dynamics of information diffusion can
be represented by a locally tree-like structure that is a
subgraph of the given network [6,38]. In this respect, we
obtain a simple formula for estimates of a global cascade.
For each i = 1, . . . , n, let n(i) be the set of neighbours of i.
Then,

1 − Pi =
∏

j∈n(i)

(
1 − f(i, j)Pj

)
, (17)

1 − Sj =
∏

i∈n(j)

(
1 − f(j, i)Si

)
, (18)

for each i = 1, . . . , n, and j = 1, . . . , n.
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In equation (17), the probability that an infectious
node i induces no global cascade can be represented as
the product of the probabilities that each node j, that
is infected by its neighbour i, induces no global cascade.
Similarly, in equation (18), any non-initial infectious node
j is contained in a global cascade if there is a node i that
belongs to a global cascade and i infects j.

An important application of this work is that Sj can
be used to measure the influence. When one restricts some
Sjs as specified values, the solutions of equation (18) in-
dicate the influences for each corresponding individuals
under the given condition. For example, suppose that one
chooses a set of individuals A and takes Sj∗ = 1 for each
j∗ ∈ A. The solution of equation (18) with this restriction
gives a measure of the influence from the users who are
selected first. When Sj is large for some node j, it indi-
cates that j is influenced a lot by A, the set of selected
nodes. Furthermore, our result can be applied to the in-
fluence maximisation problem [39]. By using Sj , one can
determine the set of candidates that are highly influential
under some constraints. This plays a role in a preprocess-
ing procedure to solve the influence maximisation problem
more efficiently.

4 Conditions for phase transitions for various
contact rates

In this section, we identify the conditions for phase tran-
sitions under random unclustered and clustered networks,
when the contact rates are heterogeneous. We consider
three different types of basic contact rates (i) c/wi,
(ii) c/wj , and (iii) (c/2)/wi + (c/2)/wj, where c is the
infect/receive ability of information diffusion and wi is the
number of neighbours for each node i. Under model (i),
the average infection for each node is equivalent to c, but
the susceptibility differs in general – heterogeneous sus-
ceptibility. Under model (ii), all nodes are likely to be in-
fluenced by c neighbours on average, and this model shows
heterogeneous infectivity. And under model (iii), we com-
bine them so that it describes the multiple contact sce-
nario. It is heterogeneous infectivity and susceptibility si-
multaneously. Because each node can affect or be affected
by a limited number of its neighbours in reality, these
scenarios are reasonable. We parameterise this limit as c
in the above three models. These three contact rates are
meaningful and applicable models to analyse the spread
of information. Let us now identify a condition on c for
phase transitions under random unclustered and clustered
networks for various contact rates.

4.1 The basic reproduction number

The basic reproduction number of information diffusion,
R0, is the expected number of secondary infections gener-
ated by a single infectious node. This has been used to esti-
mate the phase transition point (or the epidemic threshold,
equivalently) of information diffusion [34,40–43]. Recently,

Prakash et al. [42] provided a formula to find the phase
transition points for several virus propagation models on
arbitrary networks using R0. They showed that the effect
of an undirected underlying topology is determined only
by the largest eigenvalue of the adjacency matrix. How-
ever, their analysis is based on a strong assumption that
the likelihood that a node is infected is independent of the
status of its neighbours.

Note that by the theory of difference equations, a dy-
namical system g : [0, 1]n → [0, 1]n given by P(t+1) =
g(P(t)) is asymptotically stable at an equilibrium point
x ∈ [0, 1]n if the largest eigenvalues of the Jacobian
∂ = ∇g(x) of the vector-valued function g at x is less
than 1, where ∂ij = [∇g(x)]i,j = ∂

∂xj
g(xi). Thus, P̃ = 0

is asymptotically stable where ρ(∂), the largest eigenvalue
of ∂, is less than 1. Therefore, R0 is given by ρ(∂) and
R0 = 1 is the phase transition point of the corresponding
discrete-time SIR process.

Unlike in the previous studies on the basic reproduc-
tion number, we provide an estimate of the basic reproduc-
tion number using arbitrary contact rates f(i, j) between
an infectious node i and a susceptible node j. Then, we
derive the partial derivatives ∂ij = k(i, j) for random clus-
tered networks using equations (13) and (14). In particu-
lar, ∂ij = wiwj

V ol(G)f(i, j) for random unclustered networks
from equations (3) and (7). As a result, the phase tran-
sition point of information diffusion in random clustered
networks with arbitrary contact rates is R0 = ρ(∂), where
∂ = [k(i, j)]i,j=1,...,n and k(i, j) is defined in equation (12).

One can easily check that it is an extended ver-
sion of the analysis on phase transitions in random un-
clustered networks [34], since the phase transition point
R0 is asymptotically equilvalent to the previous work
when the f(i, j) is constant and the triangle sequence
t ≡ 0 in our setting. Moreover, by using the fact ρ(∂) ≤
min{∑i ∂ij ,

∑
j ∂ij}, we conclude that there is no global

cascade if c < 1 for model (i) and (ii) since
∑

i
cwi

V ol(G) =∑
j

cwj

V ol(G) = c. Similarly, there is no global cascade if
c < 1 for model (iii). We analyse the phase transitions
for models (i), (ii) and (iii) more rigorously in the rest of
this section.

4.2 Random unclustered networks

When c is a constant: by using equations (4) and (8), we
can easily compute the occurrence probabilities and the
expected sizes of global cascades on the random unclus-
tered networks asymptotically for model (i) and (ii):

(i) P ≈ 1 − e−cP , S ≈ 1 − 1
n

∑
j

e−
(

cwj
V ol(G)

)
nS . (19)

(ii) P ≈ 1 − 1
n

∑
i

e−
(

cwi
V ol(G)

)
nP , S ≈ 1 − e−cS. (20)

A previous study on the configuration model [14] has
shown that the probability of a global cascade is indepen-
dent of heterogeneity in susceptibility, and the expected
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size of a global cascade is independent of heterogeneity
in infectivity for any Erdős-Rényi random network. We
prove the same thing for model (i) and (ii) for the Chung-
Lu model, which allows arbitrary degree distributions. For
model (i), the Pis are the same and P is independent of the
network structure, since it is not just a heterogeneous sus-
ceptibility case but a homogeneous infectivity case. Sim-
ilarly for model (ii), the Sjs are the same and S is in-
dependent of the network structure, since it is not just
a heterogeneous infectivity case but a homogeneous sus-
ceptibility case. Thus, P for model (i) and S for model
(ii) can be computed using the same formula with Erdős-
Rényi random networks; Erdős and Rényi showed that
P = 1 − e−cP and S = 1 − e−cS for Erdős-Rényi random
networks and showed that the critical point of both P and
S is c = 1 [19]. It implies that the phase transition point
of both P for model (i) and S for model (ii) is c = 1.

We now show that the phase transition point of P for
model (ii) is also c = 1. In the Chung-Lu network, the Pis
for model (ii) are not homogeneous, unlike in the Erdős-
Rényi random network. In order to identify the conditions
for phase transition, we use a fixed-point analysis.

Let d be a metric induced by the L1-norm. That is,
d(x1, x2) := ||x1 − x2||1 = |x11 − x21| + . . . + |x1n − x2n|.
Let Φ : [0, 1]n → [0, 1]n be a function that satisfies

Φ(P) =

⎛
⎝1 − exp

⎧⎨
⎩−

∑
j

(
wiwj

V ol(G)

)
f(i, j)Pj

⎫⎬
⎭
⎞
⎠

i=1,...,n

for all P = (P1, . . . , Pn) ∈ [0, 1]n. If we suppose that
f(i, j) = c/wj, then

d(Φ(P), Φ(P′)) ≤
n∑

i=1

∣∣∣∣∣∣
cwi

V ol(G)

∑
j

Pj − cwi

V ol(G)

∑
j

P ′
j

∣∣∣∣∣∣
≤
∑

i

cwi

V ol(G)

∑
j

|Pj − P ′
j |

= c
∑

j

|Pj − P ′
j |

= cd(P,P′), (21)

because |e−x1 − e−x2 | ≤ |x1 − x2| where x1, x2 > 0. Thus,
Φ is a contraction map if c < 1. Hence, for any initial value
P = (P1, . . . , Pn) ∈ [0, 1]n, the iteration must converge to
a unique fixed point within [0, 1]n by Banach’s fixed point
theorem. Since Φ(0) = 0, we conclude that 0 is a stable
fixed point and a global cascade does not occur if c < 1.
Note that we already have the same result in Section 4.1
to derive an upper bound of the largest eigenvalue of the
Jacobian matrix.

To obtain the sufficient and necessary conditions for
phase transitions, we also identify the conditions for in-
ducing global cascades. Let Ψ : [0, 1]n → [0, 1] be a func-
tion that satisfies

Ψ(P) = 1− 1
n

∑
i

exp

⎧⎨
⎩−

∑
j

wiwj

V ol(G)
f(i, j)Pj

⎫⎬
⎭− 1

n

∑
i

Pi

( )( )

If > 1, 1, … , = 0

has a non-trivial solution
= 1, … , .

If < 1, 1, … , = 0

has a unique solution
= 1, … , = 0, … , 0 .

Phase 
transition 

point

Fig. 4. For model (i) and (ii), there is a non-trivial solution
of Ψ(P ) = 0 if c > 1. Here, c = 1 is the phase transition point
for both model (i) and (ii). Note that Ψ : [0, 1]n → [0, 1] and
the dimension of the x-axis is n in the above figures.

for all P = (P1, . . . , Pn) ∈ [0, 1]n. For each j = 1, . . . , n

∂Ψ(P)
∂Pj

∣∣∣
P=0

=
1
n

∑
i

wiwj

V ol(G)
f(i, j) − 1

n

=
1
n

(c − 1), (22)

where f(i, j) = c/wj . Since Ψ(0) = 0 and Ψ(1) < 0, there
exists a non-zero solution P ∈ [0, 1]n so that Ψ(P) = 0
if c > 1. Figure 4 shows this result and it implies that
there is a non-trivial solution P of equation (19) if c > 1.
Therefore, we conclude that the phase transition point
of P for model (ii) is c = 1, which is the same result
as for model (i). Moreover, the phase transition points
of S for models (i) and (ii) are also the same, because the
equations (19) and (20) are symmetric.

For model (iii), it is generally supposed that the con-
tact rate of information diffusion is f(i, j) = c1/wi+c2/wj .
We then find by the same argument that a phase transi-
tion occurs when c1 + c2 > 1, because there is no global
cascade if ρ(∂) ≤ min{∑i ∂ij ,

∑
j ∂ij} = c1 + c2 < 1 and

∂Ψ(P)
∂Pj

∣∣∣
P=0

= n(c1 + c2−1) > 0 if c1 + c2 > 1. For simplic-

ity, if we assume that c1 = c2 = c/2 for some constant c
as in model (iii), then c = 1 is the phase transition point
of this model.

When c follows a power-law distribution: however, the in-
fect/receive abilities of information diffusion are not iden-
tical for real-world applications. We observe that in many
cases these abilities follow the power-law distribution with
heavy-tails [22]. Our algorithm is still valid even if both
degree and infect/receive ability c follow power-law distri-
butions with the assumption that the power-law exponent
of c is larger than that of the degree distribution. Details
are in Appendix D.

4.3 Random clustered networks

We extend the analysis on phase transitions of information
diffusion in random unclustered networks to the random
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clustered network case. We show that the conditions for
phase transitions are affected by the clustering coefficient
of a network. The clustering coefficient is a measure of
the degree to which nodes in a network tend to cluster
together, which is defined as below:

C =
3 × the number of triangles

the number of connected triples
.

We first assume that there is a constant γ so that
wi = si + 2ti and ti = γwi for all i = 1, . . . , n. Con-
sider a random clustered network with two given se-
quences (s1, . . . , sn) = ((1 − 2γ)w1, . . . , (1 − 2γ)wn) and
(t1, . . . , tn) = (γw1, . . . , γwn). The expected clustering co-
efficient is then

C =
∑

i ti∑
i wi(wi − 1)/2

=
2γ
∑

i wi∑
i wi(wi − 1)

∝ γ.

Hence, the expected clustering coefficient is increasing lin-
early with the value of γ, and we can regard γ as the de-
gree of clustering. Let Ψ : [0, 1]n → [0, 1] be a function
that satisfies

Ψ(P) = 1 − 1
n

∑
i

exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭− 1

n

∑
i

Pi

for all P = (P1, . . . , Pn) ∈ [0, 1]n, where k(i, j) is from
equation (11). For each j = 1, . . . , n, we then approximate
a value for ∂Ψ(P)

∂Pj
at P = 0:

∂Ψ(P)
∂Pj

∣∣∣
P=0

≈ ∂

∂Pj

⎛
⎝− 1

n

∑
i

⎛
⎝−

∑
j

k(i, j)Pj

⎞
⎠
⎞
⎠ |P=0

=
∑

i

1
n

(
(1 − 2γ)

wiwj

V ol(G)
f(i, j)

+
wiwj∑

x<y wxwy

(
γf(i, j)V ol(G)

+ γ(1 − f(i, j))
∑

k

wkf(i, k)f(k, j)

))
− 1

n
.

(23)

For model (i), we substitute f(i, j) with c/wi:

∂Ψ(P)
∂Pj

∣∣∣
P=0

≈ 1 − 2γ

n

∑
i

cwj

V ol(G)
+

γ

n

∑
i

{
cwjV ol(G)∑

x<y wxwy

+
c2wj∑

x<y wxwy

(
1 − c

wi

)}
− 1

n

≈ cwj

V ol(G)
+ γ

nc2wj∑
x<y wxwy

− 1
n

. (24)

By applying the chain rule, we derive a value for ∂Ψ(P)
∂P at

P = 0:

∂Ψ(P)
∂P

∣∣∣
P=0

=
∑

j

∂Ψ(P)
∂Pj

∂Pj

∂P

≈
∑

j

(
cwj

V ol(G)
+ γ

nc2wj∑
x<y wxwy

− 1
n

)
n

= n

(
c +

2γnc2

V ol(G)
− 1
)

. (25)

Ψ(0) = 0 and Ψ(1) < 0 imply that there exists a non-zero
solution P ∈ [0, 1]n so that Ψ(P) = 0 if c+ 2γnc2

V ol(G) > 1, and
it follows that there is a global cascade if c > 1−O( γn

V ol(G) ).
Therefore, the phase transition point is less than 1, but it
is close to 1 if the average degree V ol(G)/n is sufficiently
large. For example, if V ol(G)/n = 60 and γ = 0.3, then
c + 2γnc2

V ol(G) > 1 is equivalent to c > 0.99.

For model (ii), we substitute f(i, j) with c/wj :

∂Ψ(P)
∂Pj

∣∣∣
P=0

≈ 1 − 2γ

n

∑
i

cwi

V ol(G)
+

γ

n

∑
i

{
cwiV ol(G)∑

x<y wxwy

+
nc2wi∑

x<y wxwy

(
1 − c

wj

)}
− 1

n

≈ 1
n

(
c +

2γnc2

V ol(G)
− 1
)

, (26)

and ∂Ψ(P)
∂P

∣∣∣
P=0

has the same value by applying the chain

rule. Therefore, the phase transition point for model (ii) is
also c = 1−O( γn

V ol(G)), as in model (i). When the contact
rate is c1/wi + c2/wj, we obtain by the same argument
that

∂Ψ(P)
∂P

∣∣∣
P=0

≈ n

(
c1 + c2 +

2γnc2

V ol(G)
− 1
)

. (27)

Hence, we obtain the phase transition point that c1 +c2 >

1 − 2γnc2

V ol(G) , or c > 1 −O( γn
V ol(G)) if c1 = c2 = c/2.

As a result, we have shown that the phase transi-
tion point of information diffusion in a random clustered
network is strictly lower than that of the corresponding
random unclustered network. Therefore, the condition re-
quired to induce a phase transition is strictly easier for net-
works with higher clustering coefficients for contact rates
(i)–(iii). However, if either the average degree V ol(G)/n
is large or the clustering coefficient is small, the effect of
clustering is not significant.

5 Experimental results

5.1 Methods

In order to demonstrate the performance of our proposed
algorithm, we investigated the results on real-world so-
cial network topologies. By crawling the web, we obtained
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two network topologies, Facebook [44] and MySpace [45]
friendship networks; the Facebook friendship network was
obtained from the New Orleans regional network in Face-
book during December 29th, 2008 and January 3rd, 2009,
and it consists of 63,392 users and 816886 friendship
links. The MySpace friendship network was obtained by
crawling the MySpace online web site from September to
October, 2006, and it consists of 100 000 individuals and
6 854 231 social relationships.

We applied our algorithm to the above two network
topologies and the corresponding random unclustered and
clustered networks with the same number of nodes and
expected substructures. Let w = (w1, . . . , wn) be the de-
gree sequence of a friendship network. We could then
generate the random unclustered network with a given
expected degree sequence w. In addition, the random
clustered network can be generated with two sequences,
s = (s1, . . . , sn) and t = (t1, . . . , tn). We estimated s
and t efficiently as follows: for a given network topology,
we found and deleted triangles one by one from the net-
work. We then defined ti as half the number of deleted
edges that were incident with i and si = wi − 2ti for each
node i. Note that si and ti are accurate when the trian-
gles in the network do not have pairwise overlap. Once we
estimated the degree sequences for the two real networks,
si and ti as well as wi follow the power-law distribution.

In the analysis of the occurrence of global cascades, we
propose a novel iterative algorithm to compute the prob-
ability that an originally infected node i induces a global
cascade (=Pi) and the probability that a primarily un-
infected node j is contained in a global cascade (=Sj).
For the simulation, we used three contact rates f(i, j) be-
tween nodes i and j, as discussed earlier: (i) c/wi; (ii) c/wj ;
and (iii) (c/2)/wi +(c/2)/wj , where c is the infect/receive
ability.

In the experiments, we performed 10 000 simulation
trials for each value of c, while this value varied from 0
to 3. We compared the simulation results of the original
network and two synthetic networks; random unclustered
and clustered networks. We also conducted Monte-Carlo
experiments on information diffusion in real-world social
network topologies, and these results are compared with
the computed values of the estimations of global cascades
based on our proposed algorithm. By varying the cluster-
ing coefficient values, we found that networks with higher
clustering coefficients have lower phase transition points
for global cascades. Finally, in order to check the effect of
the clustering coefficient on the degree correlation in ran-
dom clustered networks, we used several local structures;
the actual degree of the node and that of its neighbours,
and the degree correlation function [46].

5.2 Simulation results

Here, we show that the random clustered network is a
good underlying network structure for estimating the in-
formation diffusion in networks (Fig. 5) and its accuracy
is good for different initial infectious nodes (Fig. 6). We
also studied the effect of clustering on phase transition
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Fig. 5. P and S for various contact rates where c ranges from
0 to 3 on Facebook friendship network. Simulation trials are
performed on Facebook friendship network (♦). The other two
lines represent the predictions by the algorithm based on the
random unclustered network G(w) (◦) and the random clus-
tered network G(s, t) (�), respectively.

and checked that the phase transition points are lower
for higher clustering (Fig. 7). We then analysed why this
phenomenon happens to examine the degree correlation
of random clustered networks (Fig. 8).

First, we check the final cascade sizes of information
diffusion for each value of c were concentrated around their
mean once a global cascade was triggered. Table 1 shows
that S on Facebook and MySpace friendship networks are
tightly concentrated when they occur at various contact
rates. Since the variations are very small, it is meaningful
to analyse S of information in real-world networks.

Through equations (15) and (16), we estimated the P
and S of information diffusion in random clustered net-
works. Figure 5 represents these estimates for Facebook
friendship networks when the contact rate is c/wi (1st
row), c/wj (2nd row), and (c/2)/wi +(c/2)/wj (3rd row).
It shows a comparison of experiments and theories for the
values of c. The prediction of the cascading behaviour
using the random clustered network is more accurate
than that obtained with the random unclustered network.
Hence, it is worthwhile to consider the random clustered
network as a contact network to model the spread of in-
formation in networks.

In Figure 6, we plotted the estimates using Algo-
rithms 1 and 2 against the estimates obtained by the
Monte-Carlo experiments (denoted as MC). The Pi and Sj
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Table 1. The experimental results for model (i), (ii), and (iii) with various infect/receive abilities. The expected sizes of global
cascades on Facebook and MySpace friendship networks are tightly concentrated around their mean for all cases.

Contact rate
Facebook MySpace

Exp. size Std. dev. Exp. size Std. dev.
1.0/wi 0.012 0.002 0.012 0.001
1.5/wi 0.227 0.005 0.081 0.002
2.0/wi 0.409 0.004 0.148 0.002
2.5/wi 0.529 0.003 0.203 0.002
1.0/wj 0.018 0.009 0.002 0.001
1.5/wj 0.542 0.008 0.582 0.002
2.0/wj 0.809 0.003 0.819 0.002
2.5/wj 0.914 0.002 0.912 0.002

(1.0/2)/wi + (1.0/2)/wj 0.129 0.002 0.060 0.002
(2.0/2)/wi + (2.0/2)/wj 0.761 0.002 0.274 0.001
(3.0/2)/wi + (3.0/2)/wj 0.931 0.001 0.433 0.001
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(a) Estimates of Pis using Algorithm 1 and MC.
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(b) Estimates of Sjs using Algorithm 2 and MC.

Fig. 6. Comparisons of the estimated values of Pi and Sj based
on our algorithms and that of Monte-Carlo simulations.

were estimated by our algorithms in equations (13)
and (14) with the degree sequence of Facebook friend-
ship network. Equations (17) and (18) were used for the
Monte-Carlo simulations on the real network topology. We
checked that there is a strong linear relationship, which
means that the estimation accuracies are high for ran-
domly selected initial infectious nodes even if an initial
infectious node was given.

In addition, we conducted a set of simulations to quan-
tify how the clustering coefficient affects the conditions for
the phase transitions. We considered a power-law degree
distribution (w1, . . . , wn) with power-law exponent 3, av-
erage degree 10, maximum degree 50 and n = 10 000. As
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Fig. 7. P on random clustered networks for model (ii) when
c varies from 0.96 to 1.04 and γ is 0 (◦) and 0.4 (�).

shown in Section 4.3, the clustering coefficient of the ran-
dom clustered network using two sequences (s1, . . . , sn) =
((1 − 2γ)w1, . . . , (1 − 2γ)wn) and (t1, . . . , tn) = (γw1, . . . ,
γwn) is proportional to γ ∈ [0, 0.5]. In order to conduct a
set of experiments on the effect of clustering, we set the
value γ to 0 (random unclustered network) and 0.4 (ran-
dom clustered network). Figure 7 shows the probabilities
of the occurrences of global cascades for model (ii) on ran-
dom clustered networks. From the results in Section 4.2,
we estimate by the proposed algorithm that a phase tran-
sition occurs when c ≈ 1 − 2γn

V ol(G) = 1 − 2γ
20 = 1 and

0.96 for γ = 0 and 0.4, respectively. In Figure 7a, a phase
transition does not occur in either case. In Figure 7b, the
cascade sizes of the random clustered network are strictly
larger than that of the random unclustered network. In
Figure 7c, the cascade sizes seem to reach a positive frac-
tion of the population, which means that phase transitions
occur. Here we checked that a higher clustering can induce
a larger cascade size for a random clustered network at
the beginning of the phase transition, i.e., the value of c
is around 1.

In Figure 8, we generated random clustered networks
with the same conditions used in Figure 7. In order
to check the clustering effect on the degree correlations
on random clustered networks, we quantified the ac-
tual degree pair (ki, kj) in random networks with dif-
ferent clustering coefficients, where ki is the actual de-
gree of the node. The quantities are marked by colour in
Figures 8a–8c. In the same networks, we also quantified
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Fig. 8. The actual degree of a node and that of its neighbours
(a)–(c) and degree correlations (d) on a random clustered net-
work with several γ values varied from 0 to 0.4.

knn(k) (named degree correlation function in Ref. [46]),
which is the average degree of the neighbours of all nodes
with degree k, and these results are in Figure 8d. As a
result, it was found that modifying the clustering coeffi-
cient does not affect the degree correlation in the Chung-
Lu network. Interestingly, the higher the clustering coef-
ficient, the more distributed connections were shown in
Figures 8a–8c. It would be one of the reasons why the
effect of clustering on the percolation threshold in a ran-
dom clustered networks (i.e., a generalised version of the
Chung-Lu model) is contrary to that in a random graph
with clustering (i.e., a generalised version of the configu-
ration model), which is known as the epidemic threshold
analysis based on the configuration model showing that
clustering raises the threshold [47,48].

One of the main characteristic of the Chung-Lu model
is that the probability of having an edge between two ver-
tices is independent of the other edges, unlike the configu-
ration model. This is because the probability depends only
on the expected degree of the two vertices and the sum of
expected degrees in the network, while the configuration
model does not. If similar independence exists in the ran-
dom clustered network model we used, then we can expect
some interesting results different from the previous work.
More numerical analysis in Appendix E consolidates our
results.

6 Conclusion

In this paper, we have proposed a novel iterative algo-
rithm for predicting the probability and size of a global
cascade of information diffusion in a random clustered
network, when an initial infectious node is given or se-
lected at random. To account for the heterogeneity, the

contact rates between two individuals are assumed to be
functions that depend on their local information, such
as heterogeneous infectivity, heterogeneous susceptibility,
and so on. We have found the conditions required to in-
duce a phase transition with general contact rates. Inter-
estingly, we have shown that random clustered networks
with higher clustering coefficients have lower phase tran-
sition points than unclustered networks. The experimen-
tal results of real-world network topologies and synthetic
networks confirmed that our algorithm produces accurate
estimates.

K.J. is with the Department of Electrical and Computer Engi-
neering, ASRI, Seoul National University, Seoul, Korea. This
work was supported by the National Research Foundation of
Korea (NRF) grant funded by the Korea government (MSIP)
(2016R1A2B2009759), and supported by the Brain Korea 21
Plus Project in 2016.

Appendix A: Taylor series approximation error

Error terms ε̃i and εi in equation (3) satisfy

ε̃i = O
⎛
⎝∑

j

(k(i, j))2
⎞
⎠

and

εi = O
⎛
⎝exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭ (exp(ε̃i) − 1)

⎞
⎠ . (A.1)

In the error term εi in equation (A.1),

exp

⎧⎨
⎩−

∑
j

k(i, j)Pj

⎫⎬
⎭ ≥ exp

⎧⎨
⎩−

∑
j

k(i, j)

⎫⎬
⎭

≥ exp

⎧⎨
⎩−

∑
j

wiwj

V ol(G)

⎫⎬
⎭

= exp(−wi) = o(1)

if wi = ω(log n). Thus, the error term converges to zero
for a slightly dense graph, where n is sufficiently large.
In fact, εi is negligible even if there are many nodes with
small degrees (e.g., a degree sequence follows a power-
law distribution). In the error term ε̃i in equation (A.1),∑

j(k(i, j))2 ≤ ∑j(
wiwj

V ol(G) )
2 ≤ maxi(wi)2

∑
j(

wj

V ol(G) )
2. If

we approximate that a given degree sequence is a sequence
of observations of a continuous random variable X with
the probability density function fX(x), then

∑
j:j �=i

( wj

V ol(G)

)2

≈ n
∫∞
−∞ x2fX(x)dx

(n
∫∞
−∞ xfX(x)dx)2

∝ 1
n

, (A.2)

where the mean and the variance of X is finite. Therefore,
ε̃i is only O(maxi{w2

i }/n) in this setup, and it is o(1)
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if maxi{wi} = o(n1/τ ) for some τ > 2. In many complex
networks, ε̃i becomes o(1) so that εi in equation (A.1) is
negligible. It means that we can solve Pi approximately
from equation (3).

Appendix B: Correctness of the algorithm

To show the correctness of Algorithm 1, we prove that
1
n‖P̂−P‖1 = 1

n

∑
i |P̂i −Pi| is o(1). By using the triangle

inequality,

‖P̂− P‖1 = ‖g(1)(P̂) − g(0)(P)‖1

≤ ‖g(1)(P̂)−g(1)(P)‖1+‖g(1)(P)−g(0)(P)‖1

≤ ‖g(1)(P̂) − g(1)(P)‖1 + nε̄, (B.1)

since ‖g(1)(P)− g(0)(P)‖1 = ‖g(1)(P)−P‖1 = ‖εi‖1 = nε̄
from the definition of g(1) and equation (3). By the best
linear approximation of g(1) near the point P̂, we have
g(1)(P̂) = g(1)(x) + ∇g(1)(P̂)(P̂ − x) + o(‖P̂ − x‖) for
x ∈ [0, 1]n. Thus,

‖P̂ − P‖1 ≤ ρ‖P̂− P‖1 + nε̄ + o(‖P̂ − P‖1), (B.2)

where ρ = ρ(∇g(1)(P̂)). Hence, 1
n‖P̂−P‖1 ≤ ε̄

1−ρ +o(1) =
o(1) where ε̄ = o(1) since ε = o(1) and 1− ρ is a non-zero
constant. As a result, we obtain a novel iterative algorithm
to compute the probability that an initially infected node i
induces a global cascade on the network asymptotically.

Appendix C: Random clustered
network construction

In the construction of a random clustered network, the
probability that an edge {i, j} with 1 ≤ i < j ≤ n is
created more than once is at most the following (by the
union bound method):

sisj∑
x sx

∑
k

titjtk∑
x<y txty

+
∑

k1<k2

titjtk1∑
x<y txty

titjtk2∑
x<y txty

=
sisj∑

x sx

titj
∑

k tk∑
x<y txty

+
(titj)2∑
x<y txty

≈ sisj

m1

titj
m2/2

+
(titj)2

m2
2/2

= o((m1m2)2/τ−1) + o(m2(2/τ−1)
2 ), (C.1)

where m1 is the number of single-edges, m2 is the number
of triangle-edges, and we assume that maxi{si} = o(m1/τ

1 )
and maxi{ti} = o(m1/τ

2 ) for some τ > 2. Equation (C.1)
is the sum of the probability that both single-edge and
triangle-edge {i, j} are created and the probability that

triangle-edge {i, j} is created twice. Here we use an ap-
proximation that (

∑
k tk)2 ≈ 2

∑
x<y txty, and the result-

ing upper bound goes to zero as the network size grows to
infinity. Therefore, with high probability, the generating
procedure does not make the same edge twice. It means
that each operation that decides whether there is a tri-
angle for each three nodes i, j, k or not does not affect
almost all of the others. Hence, we assume that there is
at most one edge joining two nodes.

Appendix D: When c follows a power-law
distribution

We consider the scenario in which the infect/receive abil-
ity c is not fixed. Let ci be the infect/receive ability for
each node i. For example, we can assume that ci follows a
power-law distribution so that the distribution of the in-
fect/receive ability has a heavy-tail. Then, the occurrence
probabilities and the expected sizes of a global cascade for
model (i) and (ii) are as follows:

(i)

⎧⎪⎨
⎪⎩

P ≈ 1 − e−
∑

j

(
cjwj

V ol(G)

)
P ,

S ≈ 1 − 1
n

∑
j e−

(
cjwj

V ol(G)

)
nS .

(D.1)

(ii)

⎧⎨
⎩

P ≈ 1 − 1
n

∑
i e−

(
ciwi

V ol(G)

)
nP ,

S ≈ 1 − e−
∑

i

(
ciwi

V ol(G)

)
S .

(D.2)

Consider two independent continuous random variables X
and Y . Suppose that X and Y follow the power-law dis-
tributions with the exponents α and β respectively (i.e.,
fX(x) ∝ x−α and fY (y) ∝ y−β). The probability density
function of XY is fXY (k) =

∫
x
fX(x)fY (k/x)|x|−1dx =∫

x x−α(k/x)−β |x|−1dx = k−β
∫

x x−α+β−1dx ∝ k−β with
α > β. Therefore, if we assume that the infect/receive
ability ci and the expected degree wi follow the power-
laws with the exponents α and β respectively and α > β,
then ciwi follows the power-law distribution and the ex-
ponent of ciwi is identical to the exponent of wi in ei-
ther equations (D.1) or (D.2). It means that if ci satis-
fies the above condition, then we can use the fixed value
of c =

∑
i(

ciwi

V ol(G)), the weighted average of cis, rather
than the values of ci to compute P and S approximately
when the size of the network is sufficiently large. Indeed,
we conclude that the condition needed to induce a phase
transition is

∑
i(

ciwi

V ol(G) ) > 1.
For model (iii), suppose that f(i, j) = c1,i/wi+c2,j/wj

where c1,i and c2,j follow the power-law distributions
with the exponents β1 and β2 respectively and that α >
max{β1, β2}. Then, we conclude by the same argument
that the phase transition point is c = c1 + c2 where
c1 =

∑
i(

c1,iwi

V ol(G) ) and c2 =
∑

j(
c2,jwj

V ol(G)). If we assume
that c1,i = c2,i for all i = 1, . . . , n, then we obtain that
the the condition needed to induce a phase transition is∑

i(
ciwi

V ol(G)) > 1/2.
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Appendix E: Degree correlations
of the random clustered networks

In order to clarify the effect of clustering on degree cor-
relation for Chung-Lu model, we would analyse numer-
ically the distribution of k. For the Chung-Lu model
(γ = 0),

knn(k)≈
⎛
⎝∑

j

wj
wiwj∑

k wk

⎞
⎠/

⎛
⎝∑

j

wiwj∑
k wk

⎞
⎠=

∑
j w2

j∑
k wk

.

(E.1)
If the expected degree sequence {wi} is given, there-
fore, the values of knn(k) are the same approximately.
In addition, for the random clustered network with γ > 0,

knn(k) ≈
∑

j wj
sisj∑

k sk
+
∑

j<k(wj + wk) titjtk∑
j<k tjtk∑

j
sisj∑

k sk
+ 2

∑
j<k

titjtk∑
j<k tjtk

=
si

∑
j wj

sj∑
k sk

+ ti
∑

j<k(wj + wk) tjtk∑
j<k tj tk

wi

= (1 − 2γ)

∑
j w2

j∑
k wk

+ γ

∑
j<k(wj + wk)wjwk∑

j<k wjwk
.

(E.2)

The right term of last RHS of equation (E.2),
∑

j<k(wj + wk)wjwk∑
j<k wjwk

≈
∑
j,k

(wj + wk)wjwk∑
j,k wjwk

= 2

∑
j,k w2

j wk∑
j,k wjwk

= 2

∑
j,k w2

j∑
j,k wj

.

That is,

knn(k) ≈ (1 − 2γ)

∑
j w2

j∑
k wk

+ 2γ

∑
j w2

j∑
k wk

=

∑
j w2

j∑
k wk

, (E.3)

which is the same as the Chung-Lu model. Hence, knn(k)
has the same expected value for different k and γ.
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